Marketing strategies and proper inventory replenishment policies are often incorporated by enterprises to stimulate demand and maximize profit. The aim of this paper is to represent an integrated model for dynamic pricing and inventory control of deteriorating items. To reflect the dynamic characteristic of the problem, the selling price is defined as a time-dependent function of the initial selling price and the discount rate. In this regard, the price is exponentially discounted to compensate negative impact of the deterioration. The planning horizon is assumed to be infinite and the deterioration rate is time-dependent. In addition to price, the demand rate is dependent on advertisement as a powerful marketing tool. Several theoretical results and an iterative solution algorithm are developed to provide the optimal solution. Finally, to show validity of the model and illustrate the solution procedure, numerical results are presented.
Introduction
Dynamic pricing is the process of changing price during a period due to variations in stock level, demand level, inventory quality, etc. It is one of the most efficient tools of the revenue management, which enhances ability of the firms in managing demand and making profit. In recent years, this marketing strategy has been widely used by industries (Coy, 2000) due to three main reasons including emergence of a very competitive environment in businesses and industries, increasing access to demand information, and ease of applying price changes due to advent of new technologies. In classic inventory control models, it is assumed that the goods can be held infinitely for future demand, while such assumption does not hold in reality as the majority of the products lose their original value as time passes and for some of them this happens more quickly (Khanlarzade et al., 2014) . These products are called deteriorating items. In inventory management problems, deterioration is defined as damage, putrefaction, demolition, evaporation, expiration, and reduction of efficiency and margin value of product, which lead to a decrease in product serviceability (Yang & Wee, 2003) . Medicine, fruits and vegetables, seasonal and temporary products, and electronic devices are common examples of deteriorating items. Since deterioration results in a drop in quality and stock-level of the inventory, it imposes additional costs on the inventory system. Therefore, efficient inventory control of deteriorating items is of great importance.
Previously, pricing and inventory management policies were incorporated separately; however integration of these two policies enhances the profit of the firms through coordination of supply and demand. Integrated decision making on inventory management and pricing decisions for deteriorating products is a branch of revenue management, which has attracted many researchers working in inventory management, economy, marketing and operations research areas. In this study an integrated model for dynamic pricing and inventory control of deteriorating products is developed. To tackle the practical conditions of the inventory systems, not only the deterioration rate changes over time, but also the selling price is assumed to be time-dependent. In addition, the demand rate is dependent on advertisement, which is modeled as the frequency of advertisement in each cycle. To characterize the optimal solution, some useful theoretical results are derived based on which an iterative and simple solution algorithm is developed.
The remainder of the paper is organized as follows: In section 2, the literature body of the problem is briefly reviewed and the related research gaps are distinguished. The assumptions and notations of the model are presented in section 3. In section 4, the mathematical model of the inventory system is formulated. Section 5 provides the theoretical results and the solution algorithm, which are applied to obtain the optimal solution. Numerical results are represented in section 6. Finally section 7, finishes the paper with conclusion and recommended future research directions.
Literature review
Dynamic pricing and inventory control of deteriorating items have attracted a great deal of academic attention. Thus, there exists a wide-spread literature in this area, which is briefly reviewed as follows. In the context of the discussed problem, the first model was proposed by Cohen (1977) . In this paper, demand was price-dependent and the deterioration rate is assumed to be constant. This paper was extended in Kang and Kim (1983) by considering a finite replenishment rate. Abad (2003) conducted one of the noble researches in the field of pricing. In the proposed economic production quantity model, demand was defined as a general function of selling price. This model is studied by Yang (2004) for economic order quantity problem. Teng et al. (2007) extended Abad's model by incorporating shortage cost and cost of lost reputation. For the first time, Wee (1997) proposed a timedependent deterioration rate which followed Weibull distribution. The proposed model was extended in Wee (1999) by adding discount option for purchasing cost and modeling shortage in the form of partial backlog. Papachristos and Skouri (2003) extended the model of Wee (1999) by considering demand as a general, convex, and descending function of price, modeling shortage in form of time-dependent backlog, and modifying the revenue function. Mukhopadhyay et al. (2004 Mukhopadhyay et al. ( , 2005 are other worth mentioning research instances with similar structures. Tsao and Sheen (2008) presented one of the rare studies on effect of advertisement on demand. Demand was considered as a linear function of price, exponential function of time and quadratic function of the cost of the advertisement. Shah et al. (2013) incorporated advertisement into the demand model as well. In their paper advertisement is modeled as the frequency of advertisement in each replenishment cycle. Begum et al. (2009) developed an instantaneous replenishment policy for deteriorating items with price-dependent demand. They applied a three-parameter Weibull distribution to present timedependency of inventory deterioration rate. Begum et al. (2012) conducted another study on the previous model by neglecting shortage and assuming demand as a non-linear function of price. Cai et al. (2013) proposed one of the very few researches on dynamic pricing which modeled price as a function of time. Optimal policy was obtained by considering the feedback of the price on demand per time unit. To validate the proposed structure, a numerical simulation was employed. Wang et al. (2013) also considered price as a function of time and modeled a non-instantaneous deterioration pattern. In this context, Geetha and Uthayakumar (2010) , Valliathal and Uthayakumar (2011) , Maihami and Abadi (2012) , Ghoreishi et al. (2013) and Patel (2012, 2013 ) studied non-instantaneous deterioration as well. Dye et al. (2007) Considered an economic order quantity model where demand and deterioration rate were continuous functions of price and time, respectively. Shortage was possible and completely backlogged. In Dye (2007) , some extensions have been made by assuming partial backlog rate as an exponential function and a reverse function of remained time. Abad (2008) studied a model with similar structure and considered partial backlog rate as a general descending function of the remained time to the next review of the inventory system. Soni and Joshi (2013) proposed a framework for pricing and inventory control of deteriorating items under bi-level trade credit in fuzzy settings.
Considering time-dependent deterioration rate as well as price and time dependent demand rate simultaneously, forms a more complicated variation of pricing problems, which has not been investigated sufficiently. Hsu et al. (2007) modeled the deterioration rate as a general function of time. A seasonal pattern was assumed for demand, which was time and price-dependent. Uncertain delivery time, backlogging and limited budget are some of the assumptions in the proposed model. Hsieh and Dye (2010) presented an inventory control model for deteriorating items under inflation. The model was solved by descending cash flow method. In addition, demand rate was dependent to time and price and shortage was partially backlogged. Shah and Raykandaliya (2010) considered demand as a decreasing function of price and time and assumed Weibull distribution for deterioration rate. Tripathy and Pradhan (2011) proposed a similar model but considered a three-parameter Weibull distribution for deterioration rate. Dye (2012) modeled demand as a general decreasing function of time and price. Purchasing price and product deterioration rate were defined as general functions of time. Finite time horizon and partial time-dependent backlog were considered in the structure of the proposed model. Delayed payment provided by both supplier and retailer is incorporated in the model as well. Avinadav et al. (2013) also provided a mathematical model with price and time-dependent demand for perishable items.
Coming up to a conclusion, there exist number of research gaps: Firstly in the area of dynamic pricing, there are few studies formulating price as a function of time by defining discount variable, while this study has formulated the selling price as a time-dependent function by defining discount fraction variable as well as initial price. Secondly, in spite of the high significance of advertisement in stimulating demand, there are few related research works linking demand to the advertisement factor. In this study, the advertisement factor is modeled as the frequency of advertisement in each replenishment cycle.
Notations and assumptions

Notations Parameters
The constant purchasing cost per unit 
The mathematical formulation
The inventory system evolves as follows: Q units arrive at the inventory system at the beginning of each cycle. Then inventory level declines due to demand and deterioration during time interval [0, ] T . Based on this description, during time interval [0, ] T the inventory status is represented by the following differential equation:
With boundary condition ( ) 0 I T  solving Eq. (1) yields:
Therefore the order quantity is equal to:
The total profit of the inventory system involves the following components: 
Solution methodology
Since the formulated equations are complex, the concavity of the total profit per time unit cannot be proved by using Hessian matrix. Therefore, the problem is solved applying the following search procedure which is similar to ones used in Wu et al. (2009) and Shah et al. (2013) as well. We first prove that for given values of  , 0 p and T there exist a unique optimal value of A. Then for fixed values of  , 0 p and A ,a unique optimal value of T is obtained and finally, for fixed  , A and T , a unique optimal value of 0 p is determined which maximizes the total profit per time unit. Since the discount fraction is defined as a discrete variable, the above mentioned procedure is applied for different values of  and finally the optimal solution is obtained by comparing the results. Firstly, for fixed  , 0 p and T, the second order derivative of ( ( ), , ) TP p t A T is obtained as follows: 
The first order derivative of ( ) R T with respect to [ , ) 
(1 )
It is shown that ( ) R T is a strictly decreasing function, moreover from Eq. (19) it follows that: algorithm are represented in Table 3 . In order to show the effect of related deterioration and advertisement parameters, Table 4 provides the computational results for different values of  and  . p ) and total profit per time unit of the inventory system ( TP ). Increasing the shape of advertisement (  ) increase * A and therefore, results in an increase in demand and the total profit of the system. The optimal discount fraction ( *  ) is not sensitive to changes in  . 2. For fixed  , with an increase in the value of  , optimal advertisement frequency ( * A ) and optimal discount fraction ( *  ) remain unchanged, while increasing  results ina decrease in the value of optimal order quantity ( * Q ) and total profit per time unit of the inventory system ( TP ). In comparison to the other variables, changes in the value of optimal initial price ( * 0 p ) is imperceptible. It can be concluded that, implementing better inventory preservation technologies lowers the effect of deterioration and enhances the total profit of the inventory system.
Conclusion
Coordination of inventory management and marketing policies play an important role in maximizing profit of firms. In this paper, we proposed an integrated model for dynamic pricing and inventory control of non-instantaneous deteriorating items. The selling price was defined as a time-dependent function of the initial price and discount rate, which is one of the noble features of the proposed model. In addition to price, the demand rate was a function of advertisement as a powerful marketing tool. In spite of the high significance of advertisement in stimulating demand, there exist few related research works linking demand to the advertisement factor. In this study, the advertisement factor was modeled as the frequency of advertisement in each cycle. An iterative algorithm was developed based on derived theoretical results. We illustrated through the experimental results the way the optimal solution was obtained. Computational results indicated that increasing the impact of the deterioration decreases total profit of the inventory system, which was due to the imposed costs on the system. Therefore, implementing better inventory preservation technologies can efficiently enhance the profit of the system by lowering the negative effect of the deterioration. The proposed model can be extended by considering shortages, trade credit and time value of money. Considering non-instantaneous deterioration pattern is another future research direction.
